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Abstract 
An involution is introduced in the set of all Dyck paths of semilength n from which one 
re-obtains easily the equidistribution f the parameters 'number of valleys' and 'number of 
doublerises' and also the equidistribution f the parameters 'height of the first peak' and 'number 
of returns'. (~) 1999 Elsevier Science B.V. All rights reserved 
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1. A Dyck path is a path in the first quadrant, which begins at the origin, ends at 
(2n,0) and consists of steps (1,1) (called rises) and (1,-1) (called falls). We will refer 
to n as the semilength of the path. 
We denote by Dn the set of all Dyck paths of semilength n. We denote by Do the 
set consisting only of the empty path, denoted by e. It is well-known that the number 
of all Dyck paths of semilength n is the nth Catalan number 
C" -n+l  ) 
We can encode ach rise by a letter u (for up) and each fall by d (for down), obtaining 
the encoding of a Dyck path by a so-called Dyck word. 
Numerous nonnegative integer-valued parameters have been defined for a Dyck path. 
For example, some parameters are: the number of peaks (i.e. ud's), the number of 
valleys (i.e. du's), the number of doublerises (i.e. uu's; note that the sequence uuuu, 
for example, has three doublerises), the height of the first peak (i.e. the length of 
the initial maximal sequence of u's), the number of returns (i.e. d's landing on the 
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horizontal axis). We will use the symbols DBR, VAL, HFP, and RET for the number 
of doublerises, the number of valleys, the height of the first peak, and the number of 
returns, respectively. 
We say that two parameters Pl and P2 are equidistributed if for each nonnegative 
integers n and k the sets 
{xED, , :p l (~Z)=k} and {xEDn:p2Oz)=k} 
are equinumerous. 
The equidistribution of the parameters VAL and DBR and that of HFP and RET 
has been proved in several ways ([1,3, 5-8,11-13] and [1-3, 6,13], respectively). The 
actual distributions of these parameters are given by the following statements: 
(i) The number of Dyck paths of semilength n and having k returns (or having 
height of the first peak equal to k) is equal to k(Z" ,Tk) / (2n-k )  (see, for example, 
[3]). 
(ii) The number of Dyck paths of semilength n and having k valleys (or k doublerises) 
is equal to the Narayana number (1/n)(~)(k+l) (see, for example, [12]). 
In this note we introduce a relatively simple involution ( )':Dn ~ Dn with the 
aid of which the above equidistributions will follow at once. The fixed points of the 
involution can be easily described. As an immediate consequence we will obtain a 
known statement regarding the parity of the Catalan numbers. 
2. We define the involution ( )' inductively. First, we set e'---e. For a nonempty 
Dyck path 6 we write 
3 = uo~dfl, 
where ~ and fl are, possibly empty, Dyck paths. Clearly, this can be done uniquely since 
the d step pointed out in the above factorization, called f i rst  return decomposition, is 
the first return step of the path. We define (see Fig. 1) 
3' = ufl' do~'. 
NOW, it follows that 
( ud )' = ( ued e )' = ud d d = ued e = ud, 
(uudd) '  = (u(ud)de) '  = ue'd(ud) '  = udud, 
(udud) '  = (ued(ud) f = u(ud) '  dd  = uudd, 
and so on. 
The proof that the mapping ( )' is an involution uses the following induction: e"= e 
and for an arbitrary nonempty Dyck path u~dfl we have 
( uctd fl )" = ( ufl' dod )' = uo~" d fl" = uo~d fl
since both ~ and fl are definitely shorter than u~dfl. 





3. Now, we intend to show that for each 6 E D,  we have 
DBR(6)=VAL(6 ' )  and HFP(6)=RET(6 ' ) .  (1) 
Obviously, these equalities hold for 6 = e. Assume that they hold for all Dyck paths 
of semilength less than n. Let 6 E Dn, n >~ 1, and let 5 = u~dfl be the first return de- 
composition of 6. From Fig. 1 we see that 
f DBR(fl) 
DBR(5) = / 
1 + DBR(~) + DBR(fl) 
VAL(5')  = { VAL(f l ' )  
VAL(fl ')  + 1 + VAL(ct') 
HFP(6) = 1 + HFP(c O, 
RET(6')  = 1 + RET(a').  
if o¢=e, 
if a¢~,  
if~ = e, 
i fa ¢ e, 
Now, making use of  the induction hypothesis, equalities (1) follow at once. 
4. From the definition of the involution ( )' it follows that uadfl is a fixed point of 
the involution if and only if fl = a'. Consequently, for n even (n > 0) the involution 
( )' has no fixed points, while for n odd it has C(n-1)/2 fixed points, namely uctdct' 
(~ E D(,-1)/2). From here in turn we obtain the well-known result [4,9,10] that c, is 
odd if and only if n = 2 k - 1, k = 1, 2, 3 . . . . .  
5. An even simpler involution can be defined by e ~ e, uc~dfl ~ ufldcc Making use 
of this involution, one can derive a connection between the following two parameters 
defined on Dyck paths: number of peaks before the first return and number of peaks 
after the first return (for a different approach to this see [3]). 
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